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Question 1 


[10 marks] 


(a) A military installation has two air defence radars. The probability that 
the first radar detects a low flying aircraft is 0.85 and the probability 
that the second radar detects this same aircraft is 0.95. The probability 
that both radars jointly detect the aircraft is 0.81. Find the probability 


ale a ae 


that: 


i) at least one radar detects the aircraft. 
ii) neither radar detects the aircraft. 


iii) only one radar detects the aircraft. 


Prove that P(Au B) > P(A) + P(B) -1. 


2 marks 
2 marks 


2 marks 


2 marks 


A consignment of apples has both good and poor quality specimens. 
These apples were supplied by either of two farms denoted farm A and 
farm B. What is the probability of the apples being of poor quality 


given that they were sourced from farm A? 


Assuming that: 


- the probability that a randomly selected apple in the 


consignment is of poor quality is 0.30. 


- the probability that the apples in the consignment were from 


farm B is 0.4. 


- the probability that a randomly selected apple from farm A is of 


poor quality is 0.10. 


[2 marks] 
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Question 2 [10 marks] 


A Markov chain with states S = {s1, $2, $3, $4, $5} has the transition matrix. 


0.6 0.15 0 0.35 0 
0.2 0.30 0 0.25 0.25 
0 0 iL 0 


P=} 0 
0 0 05 O- 0.5 
0 


and higher transition matrices, 


0.261 0.099 0.12375 0.55775 0.1575 
0.132 0.063 0.1975 0.418 0.2275 


P=! 0 0 0 1 0 
0 0 0.5 0 0.5 
0 0 0 iL 0 


0.1764 0.06885 0.278875 0.39735 0.303625 
0.0918 0.0387 0.209 0.48695 0.22475 


p4 = 0 0 0.5 0 0.5 

0 0 0 1 0 

0 0 0.5 0 0.5 
(a) Find a closed set of states other than S itself. [2 marks 
(b) Are there any absorbing states? Explain your answer. [1 mark 
(c) Calculate: (i) p\?), (ii) p?, (iii) p&?. [3 marks 


(d) Calculate the following first return probabilities fq. ie [2 marks 


(e) Are there any periodic states? If so calculate their periods. [2 marks 
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Question 3 [10 marks] 
(a) Determine the value of the constant k for the distribution of the ran- 
dom variable X that has a continuous distribution with the following 
probability density function. 
f(z) =ke“®, x20. 
[1 mark] 
(b) A random variable X has the following probability density function 


Ate, z>0 
ie 0, otherwise. 


Find the cumulative distribution function of f(z). [2 marks] 
(c) Using the definition of the moment generating function 
Mx(t) = E(e*') 


find the moment generating function for a random variable X ¢ {1,2,...,n} 
with probability mass function p,(j) = + for 1 <j <n. 


[2 marks] 


(d) If X; and X, are independent random variables both obeying exponen- 
1 1 
tial distributions with means — and — respectively, then derive the 


1 2 
expression for P(X, < X92). [3 marks] 


(ec) For a real-valued random variable with moment generating function 


M,(t) = (Ge'+ 3) 


Find the expected value and variance of X. (2 marks] 
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Question 4 [10 marks] 


(a) Demonstrate that 


1 
= ——_  -w << 
7x) (1 z 12) oe) x (oe) 
is a probability density function. [2 marks] 


(b) If X and Y are continuous random variables which are independent 
and have the same probability density function 


2c if0<a<1 
F(x) -| 0 otherwise. 


Find P(X +Y <1). [2 marks] 


(c) The joint probability density function of two continuous random vari- 
ables X and Y is given by, 


1 2 
_) 39 2a) O<esl, O< ysl 
Fxy (#4) = 0, otherwise. 
Find the marginal distribution of X. [2 marks] 
(d) Given 
xls) = ay (O<2< 1); 
fry) = 3(-y?)  (O< y< 1), 
fxy (ay) 7 22, (O59 s2~< 1). 
Find 
(i) E(X) and E(Y). 
(ii) E(X-Y). 


(iii) E(XY). 
[3 marks] 


(e) For a continuous random variable X with finite mean p = E(X) = 0 


and variance o? = 4. Find the constant k such that P(|X - | > ko) < T 


[1 mark] 
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Question 5 [10 marks] 


(a) If the random variable X obeys a Poisson distribution with parameter 
A = 100, find both E(X) = x and ox. [ 1 mark] 


(b) The tonnage yield of carrots in a certain field in a given year is a 
continuous random variable greater than zero which is described by a 
Gamma distribution. The parameters of this Gamma distribution are 
@=2,6 =~ Fmd: 


i) the mean and variance of carrot yield in the field. 


ii) the probability that the yield will exceed 3 tonnes. 
[4 marks] 


(c) A continuous random variable Y is related to another continuous ran- 
dom variable X by the equation 


Yeh 


where k is a constant. If k = 6 and X obeys a normal distribution with 
mean 0 and standard deviation 0.5. Find: 


i) E(Y) 
ii) P(Y >4). 


[2 marks] 


Question 5 continues on page 7. 
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(d) Discrete random variables X and Y have the joint probability 
mass function given by the table. 


~~ 
He wh KR 
Coos 

— 

jan) 

— 

SS 

— 

=) 

(Su) 


Total 0.4 03 0.3 1.0 


i) Find the marginal distribution of X. [0.5 mark] 

) Find the conditional distribution (X|Y = 1). [0.5 mark] 
) 

) 


Find the conditional expectation E(X|Y = 1). [1 mark] 
iv) Are X and Y independent? Explain why? [1 mark] 


u 


lll 


Please remember — This examination question paper MUST BE HANDED IN. 
Failure to do so may result in the cancellation of all marks for this examination. 
Writing your name and number on the front will help us confirm that your paper 
has been returned. 
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Formula Sheet 


Probability 
P(AUB) = P(A) +P(B)-P(AnB) 


P(A) = P(A|B)P(B) + P(A|B)P(B) 
P(A) = P(AnB)+P(AnB) 


P(AUB) = P(A) + P(B)-P(AnB) 


P(An B) =P(AuB) 
P(AnB) =P(A)-P(AnB) 


P(A|B)P(B) 


P(BIA) = “S75 


Distribution Probability Function Mean _ Variance 


bin(n, p) p(r) = (")p"(1-p)* np np(1 — p) 
Pois(A) p(x) = 2 =0,1,2,... A : 
geom(p) p(x) = g?'p, x =1,2,... 7 (1-p)/p? 
N (0,07) f(z) = Sameexp {-3(*)} ow 0 
U(a,b) f(z) =k, asad oS 
exp(8) f(z) = ge7? B p 
Gamma(a,8) f(x) = gag? tel? a8 ap? 


Continued on next page. 
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Conditional Probabilities 


pxwy (ly) = aie 


Privey(aly) = Ra 


Markov Chains 


Absorbing State 
A single state E;, forming a closed set is called an absorbing state if pz, = 1. 


Closed Set 

A set C of states is closed of no states outside C' can be reached from any state inside C. 
That is pj, =0 whenever E; is inside C' and E; outside C. 

First Return Probabilities 7 = py = ame = ag aes ae FO, 


Higher Transition Probabilities PP"! =P” 


Periodic State 


The state E; is periodic with period t > 1 if pie = 0 for all n not divisible by t. 


v. 


Waiting Probabilities f‘" = pe? =e eg 


Bivariate Normal Distribution 
(Xx, Y) at No(ux, by; Or, oy.) 


oO 
X|Y ~N (ux + oy My), ox(1 -p)) 


Continued on next page. 
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Moment Generating Functions 
Mx(t) = E(e*) 


M)(0) = E(X") 
Var(X) = E(X?) - [E(X)]? 
My (¢) = IT, Mx, (#) 
where Y = X,+ Xo+...+X,, and the X; are independent random variables. 


Tchebysheff’s Inequality 
1 
P(|X - pl 2 ko) < re 


1 
P(|X — pl <ko) 21-75 


Transformations 


fy(y) = fx@)lF 


Series Miscellaneous 
. i d 1 
(l+z)l=l+ztz2+23... : tan eC 
-o M(1+27) 7 


e=liztE+e st... (2) =1!=1 
e~3 = 0.04978707 


@(\/2/3) = 0.7928919 


10 


